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Abstract

In this paper, we discuss previsualization in robotics. Previsualization
is a design technique used in film industry. In previsualization, a computer
animates a highly underspecified scene; thus, helping the designers to
detect missing components from the scene.

Previsualization can also be used in robotics for inspecting a highly
underspecified model. However, for previsualization to work, it should
reveal detailed dynamics not explicitly specified in the model. The de-
tails should appear as emergent dynamics. In robotics, in particular, the
emergent dynamics should cover the interaction dynamics of the physical
components. Such a requirement is non-trivial.

The contribution of this paper is an investigation of an atomic ap-
proach that supports previsualization in robotics. The approach is based
on use of atoms. Atoms obey simple, compositional interaction laws. The
laws produce emergent interaction dynamics for physical components com-
posed of atoms. We shall also illustrate in this paper how atoms, despite
their simplicity, can capture compactly non-trivial collision of non-rigid
strings, and how the emerging dynamics shows nevertheless also intricate
details.

keywords: robotics, previsualization, emergent dynamics

1 Introduction

Previsualization is a design technique used in film industry [1]. In previsual-
ization, a computer animates an underspecified scene. The animation reveals
quickly, if the scene is missing some key components, or if the observed dynamics
is as desired.

In this paper, we generalize the idea of previsualization to robotics [2]. In
robotics, previsualization is used as a design tool for improving a model until
it is detailed enough for formal analysis and prototyping. Unlike simulation
[3], previsualization does not deal with a detailed model; rather, the model is
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highly underspecified and details appear as emergent dynamics 1. Because of
this, previsualization does not reveal exact dynamics; however, the emergent
dynamics is detailed enough to be used for improving the model.

When using previsualization in robotics, we wish to avoid specifying explic-
itly the interactions between the physical components in the model; the goal of
the previsualization is to determine those interactions. This means that not all
the requirements are known ahead of the previsualization; thus, previsualization
is used as a tool for clarifying the requirements. Consequently, the interaction
dynamics of the physical components should be part of the emergent dynamics.

The interaction dynamics of the physical components does not, however,
trivially appear in robotics as emergent dynamics. The fundamental problem
lies in the inherent compositional diversity: in robotics, the interacting physical
components themselves are composed of many different kinds of shapes and
materials, as discussed in [2]. In addition, the dynamics is further composed
of various kinds of motions, rotations, collisions, and other kinematics. These
phenomena are well understood on their own, and explicit equations are found
in a text-book on physics, such as [5].

Mere encoding of the text-book equations of various kinds of motion, how-
ever, is not enough, as they describe the dynamics in isolation. Figuring out
the interaction equations, on the other hand, is not reasonable, since some of
the requirements are not known ahead of the previsualization. Also, for the pre-
visualization to be useful, modelling should be effortless 2. Yet, the potential
interaction dynamics of the physical components must be present in the pre-
visualization, as the goal is to improve the model to better reflect the desired
dynamics.

As a solution, we propose an atomic approach that does not reveal exact dy-
namics, but where the interaction dynamics of the physical components appear
as emergent dynamics. The approach is based on use of atoms 3, indivisible
particles of constant shape and mass. Atoms may move, resist movement, be
bound to each other, and collide with each other. For these dynamics, there
are simple equations that are also compositional. Moreover, these equations are
enough to produce emergent dynamics capturing interactions between physical
components that are composed of atoms. Such components may freely vary in
shape and size. The atomic approach is, thus, a specific variant of a particle
system [6] using a particle-particle simulation method [7, 8].

An advantage of the atomic approach is that it is easy to attach also software
components, such as neural nets used for controlling [2], to the model. Then, in

1By emergent dynamics we mean observable dynamics in the model that has no dedicated
counterpart in the model variables. Some discussion on emergent dynamics and emergent
behaviour is found, for instance, in [4] and [2].

2Unconstraint interactions result in a quadratic number of equations capturing the inter-
action dynamics. If we also consider various materialistic parameters such as shape, elasticity,
and friction, the number of equations becomes unmanageable even for a simple model in
robotics.

3The concept of an atom was presented already by Greek philosophers Democritus and
Leucippus around 400 BC [9]. Their notion of atoms, however, differs from the notion of
atoms presented in this paper.
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the model, the software components interact with the physical components by
manipulating the forces on the atoms. In this way, we do not need to explicitly
state the resulting physical dynamics in the model, because it appears as emer-
gent dynamics. Consequently, we can easily experiment with different software
components to see their effect on the behavioral dynamics [2, 10].

The main contribution of this paper is a formalization of the mathemat-
ics behind the atomic approach. Therefore, we shall use only simple examples
to confirm that the laws governing the motion of atoms produce meaningful
compositional dynamics. We shall also illustrate how atoms, despite their sim-
plicity, can capture compactly non-trivial collision of non-rigid strings, and how
the emerging dynamics shows nevertheless also intricate details. More versatile
examples are a topic of future research.

Overview. We start by defining atoms and formalizing their motion in Section
2. In Section 3 we discuss the notion of an impulse on an atom; in particular, we
define and formalize the interaction of atoms in terms of bonds and collisions.
In Section 4, we address compositionality: we illustrate that our approach has
desired compositional features, and discuss the importance of compositionality.
Finally, in Section 5, follows the conclusion. In Appendix A, we describe an
object-oriented implementation of our atomic approach.

2 An atom

An atom is a passive indivisible particle with four properties: shape, mass,
position, and velocity. Each atom has the same, constant, shape of a unit ball,
and the same unit mass. Only the position and the velocity may vary from atom
to atom. However, the position and velocity are not free variables, as they are
bound together by the model of motion. In that model, velocity is affected by
external forces. An atom, in itself, has no internal forces.

As an atom exists in IR3-space, we use three dimensional vectors [11] to
capture the properties of an atom. Let ~c denote the position of an atom, i.e., the
displacement of the center of the atom from the origin. Then, the magnitude
[11] of ~c, i.e., |~c|, gives the distance of the center of the atom to the origin.
Hence, an atom occupies the set of points in IR3 described by a vector ~p, for
which |~p− ~c| ≤ 1.

The unit mass is evenly distributed within an atom. Consequently, according
to [5], the center of an atom is also its center of mass. We do not, however,
consider atoms as objects of dense material; on the contrary, atoms are sparse
objects. Therefore, several atoms may overlap in space without any interference,
if so desired.

For atoms, we use as the starting point the trivial model of motion with
acceleration [5]. Let ~c(t) denote the center of an atom at time t, ~v(t) denote
its velocity at time t, and ~a(t) denote its acceleration at time t. Then, the
the model of motion with acceleration is ~c ′′ = ~a(t). As discussed in [12], this
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second order differential equation can be represented with a velocity variable as
a system of differential equations: ~c ′ = ~v, ~v ′ = ~a(t). From this form, it is easy
to see that the model of motion preserves both Newton’s first and second law
[5].

As a computational model we use an approximation of the model of motion.
The approximation is obtained, for instance, by applying Euler’s method [12].
Let n and n + 1 denote successive iteration rounds, and τ denote a reasonably
small, fixed, time step. Then, Euler’s method gives ~c(n + 1) = ~c(n) + τ · ~v(n)
and ~v(n + 1) = ~v(n) + τ ·~a(n), approximating both the position and velocity of
an atom, respectively. The duration is given by τ · n.

We may further refine the approximation equations by noting that m·τ ·~a(n)
is according to [5] the impulse ~j(n) over the fixed time step τ on a particle with a
mass m. Since an atom has a unit mass, we may substitute in the approximation
τ · ~a(n) with ~j(n). Thus, we have:

~c(n + 1) = ~c(n) + τ · ~v(n), ~v(n + 1) = ~v(n) +~j(n) (1)

In the sequel, we shall use Equation 1 as the (computational) model of
motion. An advantage of Equation 1 is that it is easily implemented using any
programming language. A more important feature of Equation 1 is that it is
compositional; in particular, it allows us to consider the position, velocity, and
the impulse of an atom independently of each other within one iteration round.

For clarity, we shall assume in the sequel that a model always has a fixed
number of atoms. Then, we may refer to a specific atom in the model using
subscripts. Thus, we shall denote the center of the i’th atom in the model by
~ci, the velocity by ~vi, and the impulse by ~ji.

3 An impulse

An impulse is, by definition [5], the sum of forces affecting the velocity. In our
model, there are only four kind of forces: damping forces, bond forces, collision
forces, and other case-specific external forces. An example of a case-specific
external force is, for instance, gravity.

3.1 A damping force

A damping force resists the motion of an atom. Its direction is opposite to
the direction of the velocity, and the magnitude is always less or equal to the
magnitude of the velocity.

Assuming m ∈ [0, 1], a damping force ~fd(i, m) with a magnitude of m ·100%
on the i’th atom in the model is:

~fd(i,m) = −m · ~vi (2)
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3.2 A bond force

A bond force maintains a predefined distance between two specific atoms. Gen-
erally speaking, a bond force is modelled as a function over the desired 4 and
the current distance between the two atoms. We model a bond force with a
non-linear function. It supports both short bond distances and stability under
moderate velocities. A linear function would work properly only with long bond
distances, or with low velocities.

Assuming r ∈ [0,∞), a bond force ~fb(i, r, k) on the i’th atom in the model
with a desired distance r to the k’th atom in the model is:

~fb(i, r, k) = (~ck − ~ci) · (1− r2|~ck − ~ci|−2) (3)

Since the bond force on the i’th atom is opposite to the bond force on the k’th
atom, i.e., ~fb(i, r, k) = −~fb(k, r, i), a pair of bond forces, ~fb(i, r, k) and ~fb(k, r, i),
preserves Newton’s third law 5 [5].

Equation 3 above can also be presented in a more readable form. Let ̂~ck − ~ci

denote a unit vector [11] along ~ck − ~ci. Then, the equation can be written as
~b(i, r, k) = ( ̂~ck − ~ci) · (|~ck−~ci|2−r2)|~ck−~ci|−1. This equation clearly shows that
the direction of a bond force is determined by the alignment of the atoms, and
the magnitude of a bond force is proportional to the deviation from the desired
distance. Note that an altered equation ( ̂~ck − ~ci) ·(|~ck−~ci|2−r2)(|~ck−~ci|+r)−1,
captures a linear bond force, as it simplifies to ̂~ck − ~ci · (|~ck − ~ci| − r).

An advantage of Equation 3 over a linear bond force is that it prevents
atoms from slipping through each other even with short desired distances and
moderate velocities. This shows in a comparison between a non-linear coefficient
(|~ck −~ci|2− r2)|~ck −~ci|−1 and a linear coefficient |~ck −~ci|− r depicted in Figure
1. The figure clearly shows that a non-linear coefficient has a bigger magnitude,
especially when the distance of the atoms is shorter than the desired distance.

Another advantage of Equation 3 over a linear bond force is that it involves
no square roots. This is important, since square roots slow down computation
considerably.

Clearly, Equation 3 results in an accelerating movement. Consequently, an
additional force, such as a damping force, may be needed for the motion to
converge.

Note that an atom may well be bound to many atoms at the same time in
the model. Then, we may consider each bond independently, and the sum of the
bond forces is the total bond force on the atom. Due to the model of motion,
Equation 1, the bond forces can be evaluated in any order without affecting the
result.

4We consider only the distance between the centers of the atoms, as the center of an atom
is also its center of mass.

5The significance of Newton’s third law is that it preserves symmetry. Then, from a pair of
atoms, we may freely choose one atom, and use it as the center of events. Due to symmetry,
the result is independent of our choice.
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Figure 1: A comparison between a linear and a non-linear coefficient with a
desired distance 0.2 on left and 5 on right; The red dashed line shows the values
of |~ck−~ci|−r, and the blue solid line shows the values of (|~ck−~ci|2−r2)|~ck−~ci|−1,
while |~ck − ~ci| varies from 0.04 to 0.4 on left, and from 1 to 10 on right

3.3 A collision force

A collision force is a semi-bond force. It affects only overlapping atoms by
pushing them apart. Atoms are considered to be apart, when their distance
exceeds the sum of their radii, 2.

Formally, a collision force ~fc(i, k) on the i’th atom in the model with respect
to the k’th atom in the model is:

~fc(i, k) = min{0, ~fb(i, 2, k)} (4)

As for a bond force, the collision force on the i’th atom is opposite to the collision
force on the k’th atom, i.e., ~fc(i, k) = −~fc(k, i). Hence, a pair of collision forces,
~fc(i, k) and ~fc(k, i), preserves also Newton’s third law.

Note that an atom has no materialistic variables, such as elasticity. Conse-
quently, Equation 4 above defines exhaustively a collision between two atoms.
More specifically, Equation 4 captures an elastic collision, as we shall illustrate
later. This means, in turn, that an inelastic collision can never occur between
two atoms, unless there is an additional force affecting the atoms.

Similarly to the bonds, we may consider each collision independently, and
the sum of the collision forces is the total collision force on the atom. Due to
the model of motion, Equation 1, the collision forces can also be evaluated in
any order without affecting the result.

3.4 Other case-specific external forces

We do not attempt to give a general formalization for the other case-specific
external forces. The reason for this is simply the overwhelming variety of such
forces. Examples of case-specific external forces are, among others, gravity, ini-
tial impulses that set the model into motion, impulses originating from various
power sources like motors, accumulators, and electromagnetic fields, and im-
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pulses used mainly for visualization purposes, i.e., forcing the atoms to move
into desired directions to see the emergent dynamics of that motion.

4 Compositionality

The model of motion, Equation 1, supports compositionality on many levels.
As already mentioned, the model of motion allows us to consider the impulse
and the changes in the velocity separately, independently, and before consid-
ering the changes in the positions of the atoms. Similarly, the impulse can be
considered in parts, because the summed forces can be considered separately
and independently of each other. The resulting impulse is, thus, independent of
the order in which the forces are evaluated.

We shall next illustrate with many examples how central compositionality
is in our approach. We start by considering compositionality of a bond force
and a damping force. We then consider multiple bond forces. After that we
consider aligned and non-aligned collisions with motion. Then, we consider
compositionality of bond forces and collision forces. Finally, we conclude with
a non-trivial example involving a non-aligned collision of two non-rigid strings
in motion.

In all the examples we assume a modest time step, τ = 0.01, for the model
of motion. More details on the implementation is found in Appendix A.

4.1 Composing a bond force and a damping force

We start by illustrating the compositionality of a bond force and a damping
force. We first consider a bond between two atoms in isolation, and then with
a damping force. After that, we summarize our findings.

A bond force in isolation. Due to the model of motion, a bond force does
not immediately restore the desired distance between the atoms. Rather, it
causes the atoms to move towards the desired distance. This slackness not only
gives time for the other forces to interact simultaneously, but also supports
stability by preventing the atoms from zooming back and forth uncontrollably.

Consider two atoms whose distance is initially 4, and a bond force that tries
to restore a desired distance of 2. Formally, the model is:

~c1(0) = (0,−2, 0), ~v1(0) = (0, 0, 0), ~j1 = ~fb(1, 2, 2)
~c2(0) = (0, 2, 0), ~v2(0) = (0, 0, 0), ~j2 = ~fb(2, 2, 1)

The bond force first pulls the atoms towards each other, but as soon as the
atoms pass the desired distance, the bond force starts pushing the atoms apart.
Since a bond force cannot immediately stop the atoms, they have a stable,
periodic motion around the desired distance. Figure 2 illustrates this motion of
atoms. Clearly, the bond for is not sufficient in this case for convergence.
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Figure 2: A bond force in isolation causes two atoms to have a periodic motion
around the desired distance; the two lines above depict the projections of the
centers of the atoms onto the y-axis with respect to the number of iterations

Simultaneous bond and damping force. Consider the case above, but
with an additional damping force of 8% on both atoms. Formally, such a model
is:

~c1(0) = (0,−2, 0), ~v1(0) = (0, 0, 0), ~j1 = ~fb(1, 2, 2) + ~fd(1, 0.08)
~c2(0) = (0, 2, 0), ~v2(0) = (0, 0, 0), ~j2 = ~fb(2, 2, 1) + ~fd(2, 0.08)

The added damping force slows down the acceleration of both atoms enough
to cause a quick convergence that restores the desired distance between the
atoms. The motion is now very different from the motion in the case above, as
shown in Figure 3.
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Figure 3: A bond force together with a damping force cause the atoms to have
a convergent motion that restores the desired distance between the atoms; the
two lines above depict the projections of the centers of the atoms onto the y-axis
with respect to the number of iterations
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Summary. The two cases above illustrate the role of compositionality in our
atomic approach. Note that, we did not explicitly define the trajectories of the
atoms. The trajectories emerged as a result of applying the model of motion to-
gether with the defined forces on the atoms. In the latter example, in particular,
the emergent trajectories were the result of composed forces on the atoms.

4.2 Multiple bond forces

Next we consider compositionality of bonds with themselves. As it was men-
tioned earlier, we may freely combine bonds with atoms; yet, it makes no dif-
ference in which order the bonds are evaluated due to the model of motion. In
this example, we show how the number of bonds per atom affects the dynamics
of a string of atoms.

We consider a string of 20 atoms aligned along the x-axis so that, initially,
the distance between any two neighboring atoms is 1. Thus, the atoms are
partially overlapping. The bonds will be defined based on the initial distance
between the atoms. In addition, the two atoms residing at the opposite ends of
the string are given orthogonal initial velocities of magnitude 10, one along the
y-axis and the other along the z-axis. Figure 4 depicts this setting.

Figure 4: A string of 20 atoms in its initial position; the initial velocities of the
two atoms residing at the opposite end of the string are shown by arrows

We shall study three cases involving the string in Figure 4: with 2 bonds
per atom, with 8 bonds per atom, and with 19 bonds per atom. At the end, we
summarize our findings.

Two bonds per atom. In the first case, we bind each atom to their neigh-
boring atoms. Thus, the model is formally:

~ci(0) = (i− 10, 0, 0), i ∈ [1..20]
~v1(0) = (0, 10, 0)
~vi(0) = (0, 0, 0), i ∈ [2..19]
~v20(0) = (0, 0, 10)
~j1 = ~fb(1, 1, 2)
~ji = ~fb(i, 1, i− 1) + ~fb(i, 1, i + 1), i ∈ [2..19]
~j20 = ~fb(20, 1, 19)

Figure 5 shows a series of images depicting the motion of the string. As the
series of images reveals, the initial velocities gradually distribute throughout
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the entire string of atoms. It should be emphasized that this distribution of the
initial velocities is emergent dynamics; it is not explicitly specified in the model.

Figure 5: Motion of the string with two bonds per atom; the number of com-
puted iteration rounds is shown in each image

Eight bonds per atom. In the second case, we bind each atom to eight
neighboring atoms, to four nearest atoms on its left and to four nearest atoms
on its right, whenever possible. Thus, the model is formally:

~ci(0) = (i− 10, 0, 0), i ∈ [1..20]
~v1(0) = (0, 10, 0)
~vi(0) = (0, 0, 0), i ∈ [2..19]
~v20(0) = (0, 0, 10)
~ji =

∑min{i+4,20}
k=max{1,i−4}

~fb(i, |k − i|, k), i ∈ [1..20], k 6= i

Figure 6 shows a series of images depicting the motion of the string. This
time, the motion becomes more rigid as the number of bonds is increased. In
particular, the string shows now an emerging rotational motion around the
centermost atom.

Figure 6: Motion of the string with bonds to eight nearest atoms; the number
of computed iteration rounds is shown in each image
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Nineteen bonds per atom. In the last case, we bind each atom to each
other atom in the string. Thus, the model is formally:

~ci(0) = (i− 10, 0, 0), i ∈ [1..20]
~v1(0) = (0, 10, 0)
~vi(0) = (0, 0, 0), i ∈ [2..19]
~v20(0) = (0, 0, 10)
~ji =

∑20
k=1

~fb(i, |k − i|, k), i ∈ [1..20], k 6= i

Figure 7 shows a series of images depicting the motion of the string. As the
series of images in the figure shows, the string has now almost the dynamics of a
rigid body. There are still some minute waves passing back and forth the string.
These waves are the result of the initial velocity being distributed throughout
the string by the bond forces. Also, with nineteen bonds per atom, the string
shows a clear rotational motion around the centermost atoms.

Figure 7: Motion of the string with each atom is bound to each other atom; the
number of computed iteration rounds is shown in each image

Summary. As these three cases show, bonds not only bind atoms together,
they also define the rigidness of the body. This shows clearly as the emergent
rotational dynamics of the string; the more bonds there are, the more clearly
the string of atoms rotates around the centermost atoms.

The three cases also reveal another interesting property: the string of atoms
holds together even without a damping force. The reason for this is that the
desired distances of the bond forces are in accordance with the initial distances
between the atoms. Then, the motion in the string depends entirely on the
initial velocities given to the atoms at the opposite ends of the string.

The periodic motion caused by the bond forces, as shown earlier in Figure 2,
is still present, but it is mostly masked out by the motion originating from the
initial velocities. The periodic motion shows as minute waves passing through
the string. However, it should be noted that these waves are also present in any
ordinary object, too. It shows, for instance, as sound waves carrying through
the object when being hit. An extreme variant of minute waves is, of course,
resonance [5].
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The computational model of the string above is very light. For instance,
with two bonds per atom, the computation of 100 000 iteration rounds takes
about 0.8 seconds with a 500MHz PowerPC G3-processor; thus, the computation
time required for the 870 iteration rounds shown in Figure 5 takes about 0.007
seconds.

4.3 Head-to-head collisions with motion

As it was mentioned earlier, the collision force formulated in Equation 4 cap-
tures an elastic collision between the atoms. To confirm this, we consider next
examples where a collision is caused by some initial motion.

For simplicity, we start by considering only two atoms having a perfectly
aligned, straight-line collision. We study two such cases: in the first case one of
the atoms is at rest, and in the other case both of the atoms move. At the end,
we summarize our findings.

Head-to-head collision with an atom at rest. We start with the simplest
setting, where we give an initial velocity to only one of the two atoms while the
other atom is at rest. The initial velocity is directed exactly towards the center
of the other atom with a magnitude of 1. Thus, the formal model is:

~c1(0) = (0,−2, 0), ~v1(0) = (0, 1, 0), ~j1 = ~fc(1, 2)
~c2(0) = (0, 2, 0), ~v2(0) = (0, 0, 0), ~j2 = ~fc(2, 1)

Figure 8 shows the motion of the atoms before, during, and after the collision.
As shown in the figure, the momentum of the moving atom is totally transferred
to the atom at rest. This dynamics follows exactly the dynamics of an elastic
straight-line collision with one of the bodies at rest [5].
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Figure 8: A collision of two atoms with one of the atoms at rest; the two lines
above depict the projections of the centers of the atoms onto the y-axis with
respect to the number of iterations
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Head-to-head collision of moving atoms. Next we illustrate how the col-
lision force not only conserves kinetic energy and momentum but also preserves
symmetry of motion. We consider two atoms moving against each other in a
straight line with opposite velocities of magnitude 1 and 0.5. Then, the formal
model is:

~c1(0) = (0,−2, 0), ~v1(0) = (0, 1, 0), ~j1 = ~fc(1, 2)
~c2(0) = (0, 2, 0), ~v2(0) = (0,−0.5, 0), ~j2 = ~fc(2, 1)

Figure 9 shows the motion of the atoms before, during, and after the colli-
sion. The dynamics observed in Figure 9 follows the conservation laws of kinetic
energy and momentum [5]. The symmetry of motion is also preserved, since mo-
mentums are exchanged during the collision. This is nevertheless in accordance
with text-book equations on collisions [5].
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Figure 9: A head-to-head collision of two atoms with opposite velocities; the
two lines above depict the projections of the centers of the atoms onto the y-axis
with respect to the number of iterations

Summary. These two examples confirm that the collision force conserves both
kinetic energy and momentum in a collision, where the atoms move along a
straight line connecting the center of the atoms.

There is, however, a subtle difference between the text-book equations for
collisions, such as in [5], and the collision following Equation 4. Namely, the
text-book equations capture an instantaneous collision. A collision following
Equation 4, on the other hand, is not instantaneous; it takes some iteration
rounds for the collision force to push the atoms apart.

It should be also noted that the dynamics shown in Figure 9 is emergent
dynamics. We did not explicitly specify how the kinetic energy should be dis-
tributed during a collision. The motion seen in Figure 9 is merely the result of
applying Equation 4 to atoms with some initial velocities.
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4.4 Non-aligned collisions with motion

Encouraged by the previous results, we shall next study a more general set-
ting, where the centers of the atoms are no longer aligned along each other’s
trajectories, i.e., non-aligned collisions.

We shall study three cases involving two atoms. In the first case, one of the
atoms is at rest. In the second case, atoms have velocities that cause crossing
trajectories. In the third case, the atoms move against each other with non-
aligned trajectories. At the end, we summarize our findings.

Non-aligned collision with an atom at rest. We start by considering a
non-aligned collision of two atoms, where one of the atoms is at rest. Formally,
the model is:

~c1(0) = (−2, 0.7, 0), ~v1(0) = (10, 0, 0), ~j1 = ~fc(1, 2)
~c2(0) = (1,−0.7, 0), ~v2(0) = (0, 0, 0), ~j2 = ~fc(2, 1)

The trajectories of these atoms are plotted in Figure 10. The figure shows
how one of the atoms stays at rest until the other atom collides with it. The
trajectories of both of the atoms change considerably in the collision, as their
centers are not aligned along each other’s initial trajectories.

-2

-1,5

-1

-0,5

0

0,5

1

1,5

2

-2 -1 0 1 2

Figure 10: A non-aligned collision of two atoms; the trajectories are plotted
after each iteration round, and the two arrows indicate both the beginning and
the direction of the trajectories

Non-aligned collision to a moving atom from behind. Next we con-
sider a collision of atoms with crossing trajectories. The trajectories are such
that an atom collides to another atom from behind with respect to the initial
trajectories. Formally, the model is:

~c1(0) = (−2, 0.7, 0), ~v1(0) = (10, 0, 0), ~j1 = ~fc(1, 2)
~c2(0) = (0,−1, 0), ~v2(0) = (5, 2, 0), ~j2 = ~fc(2, 1)

The trajectories of these atoms are plotted in Figure 11. The figure shows
how the trajectories during the collision; in particular, the figure shows clearly
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how it takes some iteration rounds for the collision force to push the colliding
atoms apart.
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Figure 11: A non-aligned collision of two atoms with initially crossing trajecto-
ries; the trajectories are plotted after each iteration round, and the two arrows
indicate both the beginning and the direction of the trajectories

Non-aligned collision of two atoms moving against each other. In this
third case, we consider a non-aligned collision of two atoms moving against each
other. This time, the formal model is:

~c1(0) = (−2, 0.7, 0), ~v1(0) = (10, 0, 0), ~j1 = ~fc(1, 2)
~c2(0) = (2,−0.7, 0), ~v2(0) = (−5, 0, 0), ~j2 = ~fc(2, 1)

The trajectories of these atoms are plotted in Figure 12. The figure shows
clearly, how the principal direction of motion is kept by both of the atoms; the
collision causes some adjustment to the initial trajectories.
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Figure 12: A non-aligned collision of two atoms moving against each other; the
trajectories are plotted after each iteration round, and the two arrows indicate
both the beginning and the direction of the trajectories
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Summary. The resulting final velocities in each case are in accordance with
the text-book equations for a collision in a plane [5]. In the first case, the
velocities for the atoms after the last iteration round are ~v1 = (7.5361, 4.3098, 0)
and ~v2 = (2.4639,−4.3098, 0). These velocities conserve both kinetic energy and
momentum; in particular, these velocities conserve componentwise momentum
along the axes, as required for a collision in a plane [5]. In the second case, the
velocities for the atoms after the last iteration round are ~v1 = (7.1472, 3.669, 0)
and ~v2 = (7.8527,−1.6691, 0). Also, in the last case, the velocities after the last
iteration round are ~v1 = (7.7064, 5.4098, 0) and ~v2 = (−2.7063,−5.4098, 0).

As these three cases illustrate, the collision force defined in Equation 4 con-
serves both kinetic energy and momentum in non-aligned cases, too. The reason
for this is that the collision force, in itself, preserves Newton’s third law. It
guarantees that momentum taken from one atom is given to the other atom in
a proper manner.

4.5 Head-to-head collision of strings of atoms

Next we consider the compositionality of bond forces and collision forces. We
study four cases, where the lengths of the colliding strings of atoms vary. The
strings of atoms are aligned along the x-axis as shown in Figure 13.

Figure 13: Initial position of two strings of atoms

We shall consider four cases: a collision of two equally long strings of atoms
without bonds, a collision of the same strings of atoms with bonds, a collision
of a shorter string of atoms to a longer string of atoms, and a collision of a
longer string of atoms to a shorter string of atoms. In all but the first case,
both strings are considered rigid, i.e., there is a bond per each pair of atoms in
the string. At the end, we summarize our findings.

Collision of strings without bonds. We consider first a collision of two
strings of atoms without bonds. Initially, the strings are positioned along x-axis
according to Figure 13. The blue string of five atoms is set into a motion that
causes a head-to-head collision with the red string of five atoms. All the atoms
in the red string are at rest.

We shall denote the atoms in the red (left) string by indices 1..5, and the
atoms in the blue (right) string by indices 6..10. Then, the formal model is:
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~ci(0) = (−2i, 0, 0), i ∈ [1..5]
~ci(0) = (2i− 10, 0, 0), i ∈ [6..10]
~vi(0) = (0, 0, 0), i ∈ [1..5]
~vi(0) = (−1, 0, 0), i ∈ [6..10]
~j1 = ~fc(1, 2)
~ji = ~fc(i, i− 1) + ~fc(i, i + 1), i ∈ [2..9]
~j10 = ~fc(10, 9)

Figure 14 depicts the resulting motion of the atoms in the strings. In this
case, there are multiple collisions as each atom collides to their neighboring
atoms. As the figure shows, the collision forces keep all the atoms apart. More-
over, as indicated by the diverging lines, all the atoms drift slowly apart from
each other due to the lack of binding and damping forces. This motion of string
preserves, nevertheless, both kinetic energy and momentum.
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Figure 14: Collision of two strings of atoms without bonds; the blue lines indi-
cate the positions of the atoms in the blue string on the x-axis, and the red lines
indicate the positions of the atoms in the red string on the x-axis with respect
to the number of iterations

Head-to-head collision of rigid strings. Next, we consider a collision of
two rigid strings of atoms, i.e., there is a bond per each pair of atoms in a string.
Each bond is in accordance with the initial distance between the atoms, and
there are no bonds between atoms in different strings. Again, the blue string
of atoms, indices 1..5, is set into a motion that causes a head-to-head collision
with the red string of atoms, indices 6..10. Thus, the formal model is:
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~ci(0) = (−2i, 0, 0), i ∈ [1..5]
~ci(0) = (2i− 10, 0, 0), i ∈ [6..10]
~vi(0) = (0, 0, 0), i ∈ [1..5]
~vi(0) = (−1, 0, 0), i ∈ [6..10]
~ji =

∑5
k=1

~fb(i, 2|k − i|, k), i ∈ [1..4], k 6= i
~j5 = ~fc(5, 6) +

∑4
k=1

~fb(5, 2|k − 5|, k)
~j6 = ~fc(6, 5) +

∑10
k=7

~fb(6, 2|k − 6|, k)
~ji =

∑10
k=6

~fb(i, 2|k − i|, k), i ∈ [7..10], k 6= i

Figure 15 depicts the resulting motion of the strings. As the figure shows,
the two rigid strings behave just like a pair of colliding atoms, shown in Figure
8. Thus, the dynamics of the rigid strings correspond to dynamics of individual
atoms with a mass of five atoms. Such dynamics is in accordance with the
traditional text-book equations [5].
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Figure 15: Collision of two rigid strings of atoms; the blue lines indicate the
positions of the atoms in the blue string on the x-axis, and the red lines indicate
the positions of the atoms in the red string on the x-axis with respect to the
number of iterations

Head-to-head collision of a shorter rigid string to a longer one. Next,
we consider the collision of two strings with different lengths. The red string has
now 10 atoms, indices 1..10, while the blue string has 5 atoms, indices 11..15.
Again, the blue string of atoms is set into a motion that causes a head-to-head
collision with the red string of atoms. Thus, the formal model is:
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~ci(0) = (−2i, 0, 0), i ∈ [1..10]
~ci(0) = (2i− 20, 0, 0), i ∈ [11..15]
~vi(0) = (0, 0, 0), i ∈ [1..10]
~vi(0) = (−1, 0, 0), i ∈ [11..15]
~ji =

∑10
k=1

~fb(i, 2|k − i|, k), i ∈ [1..9], k 6= i
~j10 = ~fc(10, 11) +

∑9
k=1

~fb(10, 2|k − 10|, k)
~j11 = ~fc(11, 10) +

∑15
k=12

~fb(11, 2|k − 11|, k)
~ji =

∑15
k=11

~fb(i, 2|k − i|, k), i ∈ [12..15], k 6= i

Figure 16 depicts the motion of the two strings. As the figure shows, the
shorter blue string bounces back from the longer red string. The red string also
starts moving after the collision to the initial direction of the blue string. The
velocity of the blue string after the collision is approximately 6 (0.33, 0, 0) while
the velocity of the red string is approximately (−0.66, 0, 0). These velocities are
in accordance with velocities computed using text-book equations on a collision
of particles with different masses 7 [5].
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Figure 16: Collision of a shorter rigid string of atoms to a longer rigid string of
atoms; the blue lines indicate the positions of the atoms in the shorter string
on the x-axis, and the red lines indicate the positions of the atoms in the longer
string on the x-axis with respect to the number of iterations

6As discussed earlier, the strings do not have a precise velocity as there are minor waves
going back and forth the strings. These waves are caused by bond forces as they distribute
collision forces in the strings, cf. Section 4.2.

7Although the sum of the velocities (0.33, 0, 0) and (−0.66, 0, 0) is not the initial velocity
(1, 0, 0), the collision conserves both kinetic energy and momentum, because there are initially
5 moving atoms, and after the collision there are altogether 15 moving atoms.
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Head-to-head collision of a longer rigid string to a shorter one. In
the last case, the red string has only 5 atoms, indices 1..5, while the blue string
has 10 atoms, indices 6..15. Again, the blue string of atoms is set into a motion
that causes a head-to-head collision with the red string of atoms, and the red
string of atoms is at rest. Thus, the formal model is:

~ci(0) = (−2i, 0, 0), i ∈ [1..5]
~ci(0) = (2i− 10, 0, 0), i ∈ [6..15]
~vi(0) = (0, 0, 0), i ∈ [1..5]
~vi(0) = (−1, 0, 0), i ∈ [6..15]
~ji =

∑5
k=1

~fb(i, 2|k − i|, k), i ∈ [1..4], k 6= i
~j5 = ~fc(5, 6) +

∑4
k=1

~fb(5, 2|k − 5|, k)
~j6 = ~fc(6, 5) +

∑15
k=7

~fb(6, 2|k − 6|, k)
~ji =

∑15
k=6

~fb(i, 2|k − i|, k), i ∈ [7..15], k 6= i

Figure 16 depicts the motion of the two strings. As the figure shows, the
shorter red string bounces away from the longer blue string. The blue string
maintains some of its initial velocity, as its velocity after the collision is ap-
proximately (−0.33, 0, 0) while the velocity of the red string is approximately
(−1.33, 0, 0). These velocities are again in accordance with velocities computed
using text-book equations on a collision of particles with different masses [5].
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Figure 17: Collision of a longer rigid string of atoms to a shorter rigid string of
atoms; the blue lines indicate the positions of the first and the last atom in the
longer string on the x-axis, and the red lines indicate the positions of the first
and the last atom in the shorter string on the x-axis with respect to the number
of iterations
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Summary. All the cases above show the expected dynamics when strings
of atoms, with various lengths and bonds, have a perfectly aligned head-to-
head collision. They confirm that composing bond forces together with collision
forces produces results that are in accordance with dynamics of rigid, indivisible,
particles. In particular, these cases confirm the earlier claim in Section 4.2 that
bonds define the rigidness of a string of atoms.

4.6 Non-aligned collision of two non-rigid strings

In this very last example, we go beyond text-book equations for collisions, and
study a non-aligned collision of two non-rigid strings. For such strings, there
are no easily computable functions that express the exact motion before, during,
and after the collision. In our atomic approach, however, it is easy to define the
model of strings with proper forces. Moreover, the computational complexity
depends only on the number of forces in the model.

In this example, we consider two strings with 70 atoms in each string. Thus,
the atoms of one string have the indices 1..70, and the atoms of the other string
have the indices 71..140.

The atoms in a string partially overlap, giving an impression of dense ma-
terial for the collision. The strings are aligned diagonally with respect to the
y and z-axes. Also, the alignment of the strings with respect to each other is
diagonal and non-symmetric. Consequently, only some of the atoms in the two
strings participate in the collision.

The atoms in the strings are bound only to their neighboring atoms. In
addition, the initially non-overlapping atoms are prevented from overlapping by
including proper collision forces.

Formally, the model for this last example is:

~ci(0) = (−6, 0.25i− 10.75, 0.25i− 10.75), i ∈ [1..70]
~ci(0) = (6, 0.25i− 28.25, 28.25− 0.25i), i ∈ [71..140]
~vi(0) = (3, 0, 0), i ∈ [1..70]
~vi(0) = (−3, 0, 0), i ∈ [71..140]
~ji =

∑70
k=1

~fc(i, k) +
∑140

m=71
~fc(i,m)

+
∑min{70,i+1}

l=max{1,i−1}
~fb(i,

√
0.125, l), i ∈ [1..70], |k − i| ≥ 8, l 6= i

~ji =
∑70

k=1
~fc(i, k) +

∑140
m=71

~fc(i,m)

+
∑min{140,i+1}

l=max{71,i−1}
~fb(i,

√
0.125, l), i ∈ [71..140], |m− i| ≥ 8, l 6= i

Figure 18 shows a series of images depicting the motion of the strings. As
the series of images reveal, there is not only one collision, but two collisions, as
the strings collide again some time after the first collision. This really shows the
importance of emergent dynamics, as the second collision was not anticipated
when the model was formulated. Note also the intricate entanglement of the
strings during the collision as revealed by the series of images in the figure.
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Figure 18: Motion of two non-rigid strings having a non-aligned collision; the
number of computed iteration rounds is shown in each image

For this model, the 4000 iteration rounds is quickly computed even with a
modest computer. For instance, a 500MHz PowerPC G3-processor computes
it in about 3.2 seconds. This time is really spent by floating point operations,
since there are 280 bond forces and and 17864 collision forces to be computed
per each iteration round. Thus, within 4000 iterations rounds, the computer
has to compute a total of 1 120 000 bond forces and 35 728 000 collision forces.

This last example shows well how in our atomic approach detailed dynam-
ics emerges from an underspecified formal model. Moreover, despite the com-
putational load of the model, the time needed by the computations remains
acceptable.

5 Conclusion

In this paper, we discussed previsualization in robotics [2]. For this purpose,
we proposed an atomic approach based on use of atoms. Atoms are indivisible
objects of constant shape and mass. They obey simple, compositional, inter-
action laws. The laws produce emergent interaction dynamics, as components
composed of atoms interact with each other.

We formalized in this paper atoms, their model of motion, and the basic
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forces affecting the atoms: damping force, binding force, and a collision force.
We illustrated the effect of the forces with many examples that combined the
forces in different ways. The results were in accordance with the results obtained
using corresponding text-book equations.

In the last example, we illustrated the advantage of our atomic approach, as
we formalized and visualized a non-trivial setting, where two non-rigid strings
have a non-aligned collision. The model required a lot of computation; however,
the time spent by the computation was nevertheless acceptable.

The last example also showed, how detailed dynamics emerges from an ab-
stract and underspecified model. Without emergent dynamics, we would have
to define a detailed model, and it would show only the defined dynamics. Dis-
coveries, like the second collision between the two strings in the last example,
do not show without emergent dynamics.

Although our atomic approach gives reasonable results, the results are not
exact. One reason for this is that we use an approximation equation as the
model of motion. Another reason is that the computed model lacks some details.
However, this is not a limitation, since a better approximation equation for the
model of motion, or a more detailed model would yield more accurate results.
The drawback of these improvements is that the computation becomes slower;
however, loss of performance can be compensated using better computation
techniques [7, 13]. Still, the increase in the details of a model results nevertheless
in loss of generality.

Although the results in this paper confirm that our atomic approach has
potential for previsualization in robotics, there are still many interesting open
issues. Clearly, the atomic approach must also be tested with more versatile
examples than those given in this paper.

Perhaps, the most important open issue is modularity. Currently, the more
atoms there are in a model, the more impulse equations we are forced to write.
In the worst case, we are forced to rewrite the same impulse equations for any
two components that are similar. From the modelling point of the view, this is
unacceptable. With modularity, we would avoid this problem. We could then
also compose bigger components out of smaller components. Clearly, modularity
reflects also somehow in the emergent dynamics; thus, making the study of
modularity in our approach a very appealing topic for future research.
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A An Object-Oriented Implementation

The examples shown in this paper were implemented using C++ [14] and
OpenGL [15]. The code common to all examples was captured using four classes
and a singleton class capturing the visualization routines. The four classes en-
code atoms, forces, and vector computations along with an interface to OpenGL.
Clearly, the same could have been achieved using less classes; however, the shown
class hierarchy was the result of some experimentation aiming at a compact and
efficient class description for an atom. Figure 19 depicts the classes, routines,
and their associations.

Atom Bond

Diff

Navigator

Triple

exampleX

OpenGL

t calls

c,v,j

usescalls

calls

s uses

t uses

calls

Figure 19: Classes used to implement the examples in this paper; ExampleX is
a sigleton class of routines defining the atoms and forces of each example; Nav-
igator is a singleton class containing visualization routines; OpenGL represents
the library of OpenGL routines

From the classes shown in the figure above:

• Triple captures vector computations and provides an interface to OpenGL

• Diff is a support class for computing the difference of two coordinates
given as triples

• Bond is a support class for computing the bond coefficient with respect to
two coordinates given as triples, and a desired distance

• Atom captures an atom with its properties and forces

There were mainly two reasons for having the four classes above: compact-
ness and efficiency. In short, some details concerning the bonds are expressed in
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respective classes; consequently, copy constructors can be used to enhance the
performance of computations involving objects. As a result, the class capturing
an atom, shown in Figure 20, is also compact.

#ifndef ATOM_H
#define ATOM_H
#include "bond.h"

class Atom
{ private:
  Triple c,v,j;

  public:
  static const float tick=0.01;
  static const float radius=1.0;
  static const float radii=2.0*radius;

  Atom() : c(),v(),j() {}
  Atom(const Triple &_c,const Triple &_v) : c(_c),v(_v),j(){}
  Atom(const Atom &_a) : c(_a.c),v(_a.v),j(_a.j) {}

  void impulse(float _c, const Triple &_d) {j.add(_c,_d);}
  void move() {v.add(1,j); j=Triple(); c.add(tick,v);} 

  void damp(float _c) {impulse(-_c,v);}
  void bind(const Bond &_b, Atom &_a) {impulse(_b.c,_b.d); _a.impulse(-_b.c,_b.d);}
  void bind(float _d, Atom &_a) {Bond b=Bond(c,_a.c,_d); bind(b,_a);}
  void collide(Atom &_a) {Bond b=Bond(c,_a.c,radii); if (b.c<0) bind(b,_a);}
};

#endif

Figure 20: C++ class code for an atom

26


